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Abstract
We show that the complete bipartite graph Kn,n has a unique regular embedding in an orientable surface
if and only if n is coprime to φ(n). The method, involving groups which factorise as a product of two cyclic
groups, is also used to classify such embeddings when n is the square of a prime.
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1. Introduction
One of the main aims of topological graph theory is to determine all the regular embeddings
of a given class of graphs in compact surfaces. Although there is considerable interest in non-
orientable embeddings, we will restrict our attention here to the orientable case, interpreting
‘regular’ (or orientably regular) to mean that the orientation-preserving automorphism group of
the resulting map acts transitively on the directed edges. One of the few cases in which such
a classification has been achieved concerns the complete graphs Kn, where James and Jones
[10] have shown that the regular embeddings are precisely those discovered by Biggs [1]. This
classification has been extended to the ‘cocktail party’ graphs Kn ⊗ K2 and the dipoles Dn by
Nedela and Škoviera in [13].
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graph Kn,n. This graph consists of two disjoint sets of n vertices (black and white, respectively),
with each black and white pair joined by a single edge. For each n, Kn,n has the standard em-
bedding Sn,n, in which the two sets of n vertices are labelled with the elements of Zn, and the
orientation of the surface around each vertex induces the cyclic permutation (0,1, . . . , n − 1)
of the labels of its neighbours. (This embedding was originally constructed by Biggs and White
[2, §5.6.7] as a Cayley map, and it also arises naturally as a dessin in the sense of Grothendieck
on the nth degree Fermat curve: see Example 2 of Section 3.) The resulting map is regular; it has
type {2n,n} in the notation of Coxeter and Moser [4], meaning that the faces are all 2n-gons and
the vertices all have valency n, and it has genus (n − 1)(n − 2)/2.
For certain values of n, there are also non-standard regular embeddings of Kn,n. For instance,
if we take the torus map {4,4}q,q = {4,4}2q (see [4, §8.3 and §8.6]), and apply Wilson’s ‘oppo-
site’ map operation [18], transposing vertices and Petrie polygons, we obtain the map {4,2q}4
of genus (q − 1)2, the dual of the map {2q,4}4 in [4, Table 8]; this is a regular embedding of
Kn,n for n = 2q , and it is non-standard if n > 2. On the other hand, Nedela, Škoviera and Zlatoš
[14] have recently shown that if n is prime then Sn,n is the only regular embedding of Kn,n. This
leads one naturally to ask which other integers have this uniqueness property. Our main result is:
Theorem A. The standard embedding Sn,n is the unique regular embedding of Kn,n if and only
if n is coprime to φ(n), where φ is Euler’s function.
The integers n coprime to φ(n) are also those for which there is only one group of order n,
namely the cyclic group. Indeed, our method of proof of Theorem A is group-theoretic, though it
does not rely on this fact: instead, we use a correspondence between regular embeddings of Kn,n
and certain groups which can be factorised as a product of two disjoint cyclic groups of order n.
We also use this method to classify the regular embedding of Kn,n where n = p2 for some
prime p, showing that there are exactly p of them.
2. Bipartite graphs, groups and embeddings
Given a group G with distinct subgroups X and Y , one can define a bipartite graph G by
taking the edges to be the elements of G, and the black and white vertices to be the cosets gX
and gY of X and Y in G, with incidence given by containment; thus the edges incident with
a black vertex gX are simply the elements of gX, and similarly for the white vertices, so G is
connected if and only if X and Y generate G. There is an action of G by left multiplication as
a group of automorphisms of G: each element a ∈ G induces the automorphism λa sending an
edge g to a−1g, and a vertex gX or gY to a−1gX or a−1gY ; in this action, G permutes the set
of edges regularly, and the sets of black and white vertices transitively. Conversely, if G is any
bipartite graph with a group G of automorphisms acting regularly on its edges, then G arises
in the above way: the edges of G can be identified with the elements of G, permuted by left
multiplication, and if the identity element corresponds to an edge vw, where v and w are black
and white vertices, we can take X and Y to be the subgroups of G fixing v and w.
In this correspondence between bipartite graphs and groups, the black and white vertices
have valencies |X| and |Y |. The graph G is simple (without multiple edges) if and only if
|gX ∩ gY | 1 for all g ∈ G, or equivalently, X∩Y = 1, the trivial subgroup (group-theorists re-
fer to such subgroups X and Y as being disjoint). Similarly, each pair of black and white vertices
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G = XY . Thus G is a complete bipartite graph if and only if G = XY with X ∩ Y = 1.
If X and Y are cyclic groups, say X = 〈x〉 and Y = 〈y〉, then the generators x and y define
a cyclic order . . . , gxi, gxi+1, . . . or . . . , gyi, gyi+1, . . . of the edges around each vertex gX or
gY of G. These local orientations determine a map M which embeds G in an oriented surface:
each edge g lies in the two faces whose edges are(
. . . , gxy, gx,g, gy−1, gy−1x−1 = g(xy)−1, . . .)
and (
. . . , gyx, gy,g, gx−1, gx−1y−1 = g(yx)−1, . . .)
in these cyclic orders induced by the orientation. Each face is thus a 2m-gon, where m is the
order of xy, or equivalently of its conjugate (xy)x = yx. The action of G on G extends to an
action on M, preserving its orientation. Conversely, every oriented embedding of a bipartite
graph G, with a group G of orientation- and colour-preserving automorphisms acting regularly
on its edges, arises in this way from cyclic subgroups X and Y of G: we can take x and y to
be automorphisms fixing v and w and sending the edge vw to the ‘next’ edge around v or w,
following the orientation.
In this situation, if G has an automorphism α transposing x and y, then the extension 〈G,α〉
of G by 〈α〉 ∼= C2 also acts on M, with α inducing a half-turn which reverses the edge vw and
interchanges the sets of black and white vertices. It then follows that M is a regular embedding
of G, since its orientation-preserving automorphism group acts transitively (in fact regularly) on
the directed edges. Conversely, any regular embeddingM of a bipartite graph arises in this way:
the orientation-preserving automorphism group Aut+M has a subgroup G = Aut+0 M of index
2 preserving the vertex-colours, complemented by a subgroup 〈α〉 ∼= C2 where α reverses an
edge and transposes the generators x and y of the stabilisers in G of its incident black and white
vertices.
To summarise, the regular orientable embeddings of a complete bipartite graph Kn,n corre-
spond to the triples (G,x, y) satisfying the following condition:
G is a group with cyclic subgroups X = 〈x〉 and Y = 〈y〉 of order n such that G = XY and
X ∩ Y = 1, and there is an automorphism α of G transposing x and y.
In this case we will say that the group G or the triple (G,x, y) is isobicyclic, or n-isobicyclic
if we wish to specify the value of n. Two such triples (G,x, y) and (G′, x′, y′) correspond to
isomorphic embeddings M and M′ if and only if there is an isomorphism G → G′ sending x
and y to x′ and y′ (and hence commuting with the actions of the corresponding automorphisms
α and α′ of G and G′).
The complete bipartite map M corresponding to (G,x, y) has type {2m,n}, where m is the
order of xy. It has 2n vertices, n2 edges and n2/m faces, so it has Euler characteristic χ =
n(2 − n + n
m
) and genus
g = 1 − χ
2
= 1 + n
2
(
n− n
m
− 2
)
.
The mirror-image of M is the regular embedding of Kn,n corresponding to the triple
(G,x−1, y−1), so M is reflexible (has an orientation-reversing automorphism) if and only G
has an automorphism inverting both x and y. More generally, Wilson’s operations Hj [18] act
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gcd(j, n) = 1.
3. Examples
In this section we use the above correspondence to give some examples and constructions of
regular embeddings of complete bipartite graphs.
Example 1. For each n there is an obvious example of an n-isobicyclic group, namely the direct
product
G = 〈x, y ∣∣ xn = yn = [x, y] = 1〉= X × Y ∼= Cn ×Cn,
where [x, y] denotes the commutator x−1y−1xy. Here the pair x, y is unique up to automor-
phisms of G, so this group gives rise to a unique regular embedding of Kn,n, called the standard
embedding Sn,n. We have
Aut+ Sn,n = (X × Y).〈α〉 ∼= (Cn × Cn).C2 ∼= Cn 
C2,
the wreath product of Cn by C2, where the complement 〈α〉 acts by conjugation on the normal
subgroup G = X × Y by transposing the two direct factors. Since xy has order n, Sn,n has type
{2n,n} and genus (n− 1)(n− 2)/2; it is invariant under Wilson’s operations Hj (gcd(j, n) = 1),
and in particular it is reflexible.
(As a digression, we note that the standard embedding was originally constructed by Biggs
and White [2, §5.6.7] as a Cayley map for the additive group Z2n with respect to the generators
1,3, . . . ,2n − 1 in that cyclic order. It also arises in Grothendieck’s theory of dessins d’enfants
as a dessin on the nth degree Fermat curve Fn, a compact Riemann surface, or complex algebraic
curve, given in projective coordinates [x : y : z] ∈ P2(C) by the equation xn + yn + zn = 0; the
meromorphic function [x : y : z] → [xn : zn] = xn/zn realises Fn as an n2-sheeted covering of
the Riemann sphere (or complex projective line) P1(C) = C ∪ {∞}, branched over 0,1 and ∞,
and we can take Kn,n to be the inverse image of the closed unit interval [0,1] ⊂ C, with n vertices
lying over each of 0 and 1; the elements of G are induced by multiplying the coordinates by nth
roots of 1. See [11] for further details and background on dessins.)
Example 2. If Mi is a regular embedding of Kni,ni for i = 1, . . . , k, corresponding to a triple
(Gi, xi, yi), and if ni and nj are mutually coprime for all i = j , then by taking G to be the
direct product
∏
i Gi with x = (xi) and y = (yi) we obtain a regular embedding of Kn,n for
n = ∏i ni . We call this the product embedding M = ∏iMi . It is standard if and only if each
Mi is standard, since x = (xi) and y = (yi) commute if and only if the corresponding pairs of
elements xi and yi commute for all i; in particular, Sn,n is the product of the standard embeddings
Sq,q , where q ranges over the prime powers in the factorisation of n.
Example 3. Let n = pq where p is prime and q (> 1) is any divisor of φ(p) = p − 1. In the
1-dimensional affine group AGL1(p) = {t → at + b | a, b ∈ Fp, a = 0} over the field Fp of
order p, there is a unique subgroup H of order n, consisting of the transformations with aq = 1;
this is a semi-direct product of {t → t + b} ∼= Cp by {t → at} ∼= Cq , with Cq acting faithfully
by conjugation on Cp . Let G = H × H , and let α denote the automorphism (h,h′) → (h′, h)
of G. In H there are p − 1 elements h1 : t → t + b (b = 0) of order p, and pφ(q) elements
h2 : t → at + b of order q , where a has multiplicative order q; since p and q are coprime, the
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subgroups of G generated by x and by y = xα = (h2, h1), then clearly X ∩ Y = 1; since |XY | =
|X|.|Y |/|X∩Y | = n2 we have XY = G, so G is n-isobicyclic. Since AutH ∼= AGL1(p) has order
p(p − 1), these p(p − 1)φ(q) pairs x, y give rise to φ(q) non-isomorphic regular embeddings
M of Kn,n, one for each element a of order q in the multiplicative group of Fp . The orientation-
preserving automorphism group of each map is G〈α〉 ∼= H 
 C2. Since xy = (h1h2, h2h1) has
order q , each map has type {2q,n} and genus 1 + n2 (n − p − 2). For a given n these maps
form a single orbit under the operations Hj , where gcd(j, n) = 1; if q = 2 then the unique map
M (∼= {4, n}4 in [4]) is reflexible, but otherwise they form φ(q)/2 chiral (mirror-image) pairs.
Example 4. 4. Let n = pe where p is prime and e 2, and let
G = Gi =
〈
x, y
∣∣ xpe = ype = [xp, y]= [x, yp]= 1, [x, y] = xpe−1iy−pe−1i 〉,
where 0  i < p. This is an extension of a normal subgroup 〈x, yp〉 ∼= Cpe × Cpe−1 by
〈y〉/〈yp〉 ∼= Cp , with y acting by xy = xpe−1i+1y−pe−1i and (yp)y = yp (an automorphism of or-
der p), so |G| = p2e. The elements xp and yp generate a central subgroup N ∼= Cpe−1 × Cpe−1 ,
with G/N ∼= Cp × Cp . If we take X = 〈x〉 and Y = 〈y〉, then X ∼= Y ∼= Cpe and X ∩ Y = 1,
so G = XY . There is an automorphism α of G transposing x and y (and thus inverting [x, y]),
so each of these groups Gi corresponds to a regular embedding Mi of Kn,n; the last defining
relation ensures that these p embeddings are mutually non-isomorphic. When i = 0 the group
G0 ∼= Cpe ×Cpe yields the standard embeddingM0 = Sn,n, but if 0 < i < p then the non-abelian
groups Gi (which are mutually isomorphic) yield p − 1 non-standard embeddings.
By a slightly tedious calculation (which we omit), the relations of G imply that
(xy)r = xr−pe−1ir(r−1)/2yr+pe−1ir(r−1)/2
for all r ; it follows that xy has order pe = n unless n = 4 and i = 1, in which case xy has
order 2. ThusMi has type {2n,n} and genus (n−1)(n−2)/2, the exception for n = 4 being the
mapM1, which is the torus map {4,4}2,2 in the notation of Coxeter and Moser [4]. Similarly, one
can show that if j is coprime to p then the mapping x → xj , y → yj induces an isomorphism
Gi → Gij , so the operation Hj transformsMi toMij . Thus the p−1 non-standard embeddings
Mi (i = 0) form a single orbit under these operations; for p > 2 they form (p−1)/2 chiral pairs
Mi , Mp−i , whereas for p = 2 the map M1 is reflexible.
4. Normal subgroups
Let X∗ denote the core
⋂
g∈G Xg of X in G, the kernel of the action of G on the black
vertices. Here we give an argument due to Douglas [5] and Itô [9] (see also [8, VI.10.1]), which
shows that if G is n-isobicyclic for some n > 1 then this normal subgroup X∗ is non-trivial, with
a corresponding result for the core Y ∗ of Y .
Lemma 1. If G is n-isobicyclic with n > 1, then each of X and Y has a non-trivial core X∗, Y ∗
in G. The subgroups X∗ and Y ∗ are transposed by α, and generate a normal subgroup X∗ × Y ∗
of G.
Proof. Consider the action of G by left multiplication on the n black vertices gX. The permu-
tation induced by x is a product of disjoint cycles (. . . , xgX,gX,x−1gX, . . .), each of length
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n-cycle, so each of its cycles has length less than n. In particular, the vertex yX lies in a cy-
cle of x of length l where l divides n and l < n. Then xiyX = yX if and only if l divides i,
that is, y−1xiy ∈ X if and only if i is a multiple of l, so X ∩ Xy = 〈xl〉. This subgroup 〈xl〉
has order k = n/l > 1, and is the unique subgroup Xk of this order in X. Now x commutes
with xl , so x is contained in the normaliser NG(Xk) of Xk in G; moreover, since Xk and its
conjugate Xyk are both subgroups of order k in the cyclic group Xy , they coincide and hence
y ∈ NG(Xk); since G = 〈x, y〉 it follows that NG(Xk) = G, that is, Xk is a normal subgroup
of G. Indeed, Xk is the core X∗ =⋂g∈G Xg of X in G: since Xk = X ∩ Xy we have Xk X∗,
and since Xk is normal in G and contained in X, it is contained in Xg for all g ∈ G, so
Xk  X∗. Applying the automorphism α, we see that the core Y ∗ of Y in G is the subgroup
Y ∩ Yx = 〈yl〉 ∼= Ck . Since the commutator of two normal subgroups is contained in their in-
tersection, we have [X∗, Y ∗] X∗ ∩ Y ∗  X ∩ Y = 1; thus X∗ and Y ∗ commute and therefore
generate their direct product X∗ × Y ∗, which is a normal subgroup N ∼= Ck ×Ck of G. 
Since every subgroup of a cyclic group is characteristic, Lemma 1 implies that for every
divisor d of k, X∗ and Y ∗ each contain a normal subgroup Xd = 〈xn/d〉 or Yd = 〈yn/d〉 of G
isomorphic to Cd . These generate a normal subgroup Nd = Xd × Yd ∼= Cd ×Cd of G, and since
α transposes Xd and Yd , it follows that Nd is normal in Aut+M. In particular, taking d to be a
prime divisor p of k, we have:
Corollary 2. Let M be a regular embedding of Kn,n, where n > 1. Then for some prime p
dividing n, Aut+M has a normal subgroup Np = Xp × Yp , where Xp and Yp are normal
subgroups of G = Aut+0 M, of order p, contained in X and Y .
This normal subgroup Np can be regarded as a 2-dimensional vector space over Fp , so that
Aut+M acts by conjugation on Np as a group of linear transformations. If we take {xn/p, yn/p}
as a basis, then x, y and α are represented by matrices(
1 0
0 t
)
,
(
t 0
0 1
)
and
(
0 1
1 0
)
for some non-zero t ∈ Fp , where (yn/p)x = ytn/p and (xn/p)y = xtn/p . Thus G induces a group
of transformations of order r2 on Np , where r is the multiplicative order of t , dividing p − 1.
If t = 1 then Np is in the centre of G and all p + 1 of its 1-dimensional subspaces are normal
subgroups of G, but if t = 1 then only Xp and Yp are normal in G. Since tn = 1, the first case
must arise if n is coprime to p − 1, for example if p = 2 or if n is a power of p.
5. A uniqueness theorem
Despite the examples of multiple embeddings of Kn,n in Section 3, there are infinitely many
values of n for which the only n-isobicyclic group is Cn × Cn, so the only regular embedding
of Kn,n is the standard one; for instance, this applies if n is prime, as shown recently by Nedela,
Škoviera and Zlatoš [14]. In order to generalise this result, let us define an integer n  1 to
be singular if gcd(n,φ(n)) = 1, where φ is Euler’s function. Since φ(n) = n∏p|n(1 − p−1),
where p ranges over the distinct primes dividing n, this condition is equivalent to n being a
product of distinct primes, with no pair p,q of prime factors satisfying p ≡ 1 mod (q). Note that
every prime number is singular, and that if n is odd and singular then it follows from Dirichlet’s
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such primes have density n−1
∏
p|n(p − 2) > 0 among the set of all primes). Erdo˝s [6] proved
that the proportion of integers n  N which are singular is asymptotic to e−γ / log log logN as
N → ∞, where γ is Euler’s constant.
Theorem A. The standard embedding Sn,n is the unique regular embedding of Kn,n if and only
if n is singular.
Proof. Let n be singular, let M be a regular embedding of Kn,n, and let G = Aut0M, so G
is n-isobicyclic. We may assume that n > 1, so by Corollary 2, G has a normal subgroup P =
Np ∼= Cp × Cp for some prime p. This must be a Sylow p-subgroup of G since |G| = n2 with
n square-free. By the Schur–Zassenhaus theorem [8, I.18.1], there is a complement Q for P
in G, and by the remarks following Corollary 2, Q induces a group of linear transformations
of order dividing (p − 1)2 on P . Since n is singular, |Q| = n2/p2 is coprime to (p − 1)2, so
Q centralises P and hence G = P × Q. Now Q (∼= G/Np) is n-isobicyclic where n = n/p
is singular, so if n > 1 then one can apply the same argument to Q as we have applied to G.
Iterating, we eventually find that G is a direct product of groups P ∼= Cp × Cp , one for each
prime p dividing n, so G ∼= Cn × Cn and M∼= Sn,n.
Conversely, if n is not singular then either n is a product of distinct primes, including a pair
p,q with q dividing p − 1, or the prime-power factorisation of n includes a prime-power pe
where e  2. In the first case, we can find a non-standard embedding of Kn,n by taking the
product of a non-standard embedding of Kpq,pq in Example 3 and the standard embeddings Sr,r
for each of the other primes r = p,q dividing n. In the second case, we can take the product of a
non-standard embedding of Kpe,pe in Example 4 and the standard embeddings Sqf ,qf for each
of the other prime-powers qf in the factorisation of n. 
The singular integers also appear in group theory as those n for which every group of order n is
cyclic (a result due to Burnside, see [17, Exercise 575] or [15, §10.1, Exercise 12], for example).
There is a proof of this similar to that used for Theorem A. Any singular integer n is square-free,
so a theorem of Hölder ([7]; see also [3, §§128–129] or [8, §I.8, Aufgabe 40]) implies that any
group H of order n is solvable; a minimal normal subgroup of H is therefore elementary abelian,
and is thus a Sylow p-subgroup P ∼= Cp for some prime p; the argument used above then shows
that H = P × Q for some Q of singular order n/p, and by applying a similar argument to Q
we eventually deduce that H is cyclic. The converse is straightforward, using the existence of
non-cyclic groups of order pe (where e 2) and pq (where q divides p − 1).
6. The case n= p2
As a simple by-product of the ideas in Section 4, we can extend the Nedela–Škoviera–Zlatoš
classification [14] for n = p to the case where n = p2:
Theorem B. If n = p2 where p is prime, then the only regular embeddings of Kn,n are the p
embeddingsMi described in Example 4 for e = 2.
Proof. Let G be n-isobicyclic for n = p2, so xp2 = yp2 = 1. Corollary 2 shows that X and Y
contain normal subgroups Xp = 〈xp〉 and Yp = 〈yp〉 of G, generating a normal subgroup
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that Np is contained in the centre of G, giving [xp, y] = [yp, x] = 1. Since G/Np has order p2
it is abelian, so Np contains [x, y], say [x, y] = xpiypj for some i and j . The automorphism α
which transposes x and y inverts [x, y], so ypixpj = y−pjx−pi giving i + j ≡ 0 mod (p) and
hence [x, y] = xpiy−pi . Thus G satisfies all the defining relations of the group Gi in Example 4
with e = 2, so G is an epimorphic image of Gi . Since |G| = p4 = |Gi | we must have G ∼= Gi ,
and since we have identified the generators x and y of G with those of Gi the corresponding
embedding must be isomorphic to Mi . 
A much more detailed argument, given in [12], generalises Theorem B to show that if n = pe
where p is an odd prime and e  1 then Kn,n has exactly pe−1 regular embeddings, so that for
e 3 there are additional examples beyond those described in Section 3. A further generalisation
of this and of Theorem A, also given in [12], shows that if n is odd then Kn,n has at least
n/
∏
p|n p regular embeddings, with equality if and only if no pair p,q of prime factors of n
satisfy p ≡ 1 mod q .
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